Introduction. The stresses in a large tension member having a spherical cavity have been investigated by several authors, including the present writer.1-4 In dealing with such a problem the surface of the member is commonly assumed to be infinitely distant from the cavity so that the presence of the surface produces no effect on the stresses in the neighborhood of the cavity. However, this assumption is no longer valid when the surface of the member is at a finite distance from the cavity. The consideration of the effect of the surface near the cavity naturally increases the analytic complication of the problem.
In the present paper a solution for an infinite circular cylinder having a spherical cavity under axial tension will be given. The cavity is assumed to be symmetrically located within the cylinder so that the theory of symmetrical strain for solids of revolution5 can be applied. The solution is obtained by constructing a stress function which satisfies the boundary conditions on the surface of the cylinder as well as at its ends. The boundary conditions on the surface of the cavity are satisfied by adjusting the coefficients of superposition involved in the solution. Here the stress function is necessarily a biharmonic function.6 The method of solution is first described. Then, as an illustration, numerical examples are given for two different radii of the cavity. In particular, the maximum stresses in the cylinder are calculated and shown graphically.
Method of solution. Denote as usual the cylindrical and spherical coordinates of a point by (r, 6, z) and (p, <t>, 9) respectively. For convenience, r, z and p will be regarded as dimensionless quantities referring to a typical length a. They are connected with each other by z -p cos <f>, r = p sin <j>.
(1)
Consider an infinite circular cylinder of radius a having a symmetrically located spherical cavity of radius Xo as shown in Fig. 1 . The axis of the cylinder will be taken 'Received April 15, 1954; revised manuscript received Dec. 29, 1954 . 'R. V. Southwell and H. J. Gough, Concentration of stress in the neighborhood, of a small spherical flaw, etc., Phil. Mag. 1, 71-97 (1926) . 2J . N. Goodier, Concentration of stress around spherical and cylindrical inclusions and flaws, Trans. ASME 55, 39-44 (1933 
274-277.
6A different method of solution in such a case based on Boussinesq's approach is to find two harmonic functions. See footnote 3. [Vol. XIII, No. 4 as the axis of z and the center of the cavity as the origin. In the absence of the cavity, a uniform axial tension of T per unit area would be given by the stress function
where a is Poisson's ratio. The method of satisfying the boundary conditions when the cavity is present is to construct two sets of biharmonic functions each of which gives no traction on the surface of the cylinder and at the same time gives no stress at z infinity or the ends of the cylinder. These functions are combined linearly and added to xo boundary conditions on the surface of the cavity are then satisfied by adjusting the coefficients of superposition attached to the functions. The sets of functions are derived by differentiation from two biharmonic functions each of which has a singularity at the origin. Two sets of biharmonic functions. Consider a biharmonic function as follows:
where /" are modified Bessel functions of the first kind of order n and \pn are arbitrary functions, and n = cos <t>.
The first term of this function in fact represents a center of radial tension at the origin. The subsequent integral is added so as to annul the traction on the surface of the cylinder. This function gives the following normal and tangential stresses at r = 1 or the surface of the cylinder.
M. = i dz 1 \dr(
These stresses are annulled throughout the surface of the cylinder provided that by Fourier transforms,
In view of the relation7,
where are modified Bessel functions of the second kind of order n, we find
With these values of >pi and \f/2, it appears that the integral in (3) becomes divergent at the lower limit. However, the divergence can be removed by modifying the integral as follows:
where [Vol. XIII, No. 4 such that the integral becomes convergent at the lower limit. This modification is permissible for it produces no effect on the stresses in the cylinder as well as on the convergence at the upper limit. It can be shown that the function xi thus obtained gives no stress at z infinity or the ends of the cylinder.
It is obvious that successive differentiation with respect to z gives functions with the desired properties on the surface of the cylinder as well as at z infinity, but by symmetry odd derivatives must be excluded since they are even in z and cannot enter into the required solution. The function xi itself may be included since it gives no unbalanced force at the origin. The set of functions is therefore il il
Again, consider a biharmonic function as follows:
Jo
The first term of this function represents a concentrated force at the origin in the direction of z. This function gives the following normal and tangential stresses at r = 1.
These stresses are annulled throughout the surface of the cylinder provided that
/"a> J 2(2 (t) 3 \ Jo 1(1 + zT'2 ~ (TT?PJ cos kz dz' (13) Similarly, we find in terms of \px and ,
In order to render the integral convergent at the lower limit, the function X2 is to be modified as follows:
It can be shown that the derivative of the function x2 with respect to z gives no stress at z infinity. It is equally obvious that odd derivatives of X2 with respect to z also gives functions with the desired properties. The set of functions is thereforê d^_ dz *2 ' dz3 *2 ' dz6 *2 ' ''' '
Since the use of any constant multiplier does not affect the desired properties, we may write the two sets of functions as follows:
In expressing the functions in terms of spherical coordinates, the following relations are useful8. 
*-0 where A2, and B2. are coefficients of superposition to be determined from the remaining boundary conditions on the surface of the cavity; the factor T being introduced to render the coefficients dimensionless. The function xo has been given in (2). It is evident that the stress function thus constructed gives a uniform axial tension of T per unit area at both ends of the cylinder and at the same time gives no traction on the surface of the cylinder. Its expression in spherical coordinates is readily found as follows: = _ r + _ TPM + T g ^ t-. A2
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The remaining boundary conditions to be satisfied are that on the surface of the cavity the normal and tangential stresses vanish identically. By inserting p = X into (25) and (26) and equating separately the coefficient of each Legendre function or its derivative to zero, a system of linear equations is obtained. The system of equations may be replaced by the following system AL = 50," + f-Tfr S> » + 2<n + W4n ~ W* + 2(4n + l)(4n4 + 4n3 -n -n + 1 -a)DL , (n > 0), (28) bL-2 = 3(7 f 5ff) «!.. + (4n + 1 )CL + (2n -1)(2» + 1)(4n + 3)D'2n , (n > 1), 9Cf. footnote * for the formulas of stresses in spherical coordinates. [Vol. XIII, No. 4 where 8m" = 1 or 0, according as m = n or m ^ n, and 2n + 2 , , (2n + 2)(2n -2 + 4<r) " 
and by iteration, AX" = 2n(n + l)(4n -1 )C'2T"
= (4n + l)C£r" + (2n -l)(2n + l)(4n + 3)D£~", in which C2''l) and D2*~" are computed from A'/n°~n and B2l"'u by means of (29) and (24).
Naturally, the foregoing method of solving the linear equations is valid as long as the two series in (30) are both convergent. From physical consideration alone, it seems likely that there will be convergence if X is less than unity. An analytic proof of convergence may be established by means of the method used by Rowland10 and Knight.11 However, for the sake of brevity no further detail will be given here. The solution will be illustrated by numerical examples which follow.
Numerical examples. Numerical examples will be given for the cases X = J and J. The coefficients in (21) are first computed and shown in Table 1 , in which the integrals are integrated numerically from Gregory's formula12 with the aid of tables of Bessel functions. Here the Poisson's ratio a is taken as 0.3. Note that °a2, and °/32. are not 10R. C. J. Howland, Stresses in a plate containing an infinite row of holes, Proc. Roy. Soc. A148, 471-491, 1935. "R. C. Knight, On the stresses in a perforated strip, Quart. J. Math., Oxford, S, 255-268, 1934. 12E. T. Whittaker and G. Robinson, Calculus of observations, 4th ed., 1948, Blackie, p. 143. Table 2 . In the case X = \ the computation has been carried out up to the fifth approximation. The convergence appears to be more rapid when X is smaller. The coefficients are readily converted to A2n , B2n , C2n and D2n by means of (29).
It is now rather straightforward to compute the stress at any point in the cylinder. The most important one, however, is the maximum stress occurring at the surface of the cavity across the minimum section where (p, n) = (X, 0). This stress is given by lL Ji -M2 3 a\_2 a5 / d l -M2 e\ max " = ? |_(1 -^ " /» ^JV x + jp (m Yp + yjx ,( A , 1 -M2 aVI A _ JL ±\Ṽ dp p dp./\p dp p djU/*_|\,o = t -t i:
n -0 -4n2X2n_2C2n -2(2n2 + Sn -4na + 7 -5a)\2nD2njP'2n+i(0), where Pi-.(0) =
The following values are obtained. T"1 (max vj 2.045, 2.081, 2.359
The value in the limiting case X = 0 is the known result of a large tension member having a spherical cavity, that is (27-15<t)/(14-10<t). If we define a stress concentration factor K as the ratio of the maximum stress across the minimum section of the cylinder to the mean stress across the same section, then K = (1 -X2)T_1 (max a,). Here the value in the limiting case X = 1 can be visualized readily from physical consideration of the cylinder. Figure 2 shows the results graphically. The writer wishes to thank Mr. T. C. Lee for his invaluable assistance in preparing the manuscript.
